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Abstract

This paper compares different subsidies in an R&D growth model with competitive

suppliers of a final good and monopolistic suppliers of intermediate goods. Unlike existing

studies with lump-sum taxes and fixed labor, we assume distortionary taxes and elastic labor,

finding some new insights. First, subsidizing R&D investment is more effective than

subsidizing final output or subsidizing the purchase of intermediate goods in terms of

promoting growth. Second, in terms of raising welfare, the R&D subsidy may also be more

effective than the other subsidies and all of them are dominated by their mix, but none can

achieve the social optimum.

r 2006 Elsevier B.V. All rights reserved.

JEL classification: D42; D61; O31; O38

Keywords: Innovation; Growth; Monopoly pricing; Subsidies

1. Introduction

R&D activities for innovations, a major driving force for growth, are subsidized in
many industrial countries and receive increasing attention in economic studies. The
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rationale for government intervention involving R&D activities originates from the
fact that innovators of new goods face knowledge spillovers and difficulties in
appropriating the benefits of innovations (e.g., Romer, 1990; Grossman and
Helpman, 1991; Aghion and Howitt, 1992; Jones and Williams, 2000). Due to this
externality, there would be too little incentive to engage costly innovations without
government intervention, as innovators do not internalize the gains from their
innovations. A typical form of government intervention dealing with this R&D
externality is to grant monopoly rights to innovators in such forms as patents
and trademarks. However, even if monopoly protection is granted permanently
to successful innovators selling their goods in the model of Barro and Sala-i-Martin
(1995) with expanding varieties of intermediate goods via R&D, the decentralized
equilibrium always suffers too little R&D investment and thus too slow growth.1

In such a model, pricing above marginal costs is necessary for R&D to break
even on the one hand, but reduces the demand for intermediate goods below
the first-best level on the other hand. That is, granting monopoly rights alone
does not eliminate under-investment in R&D in the presence of the R&D
externality.

In order to internalize the R&D externality and correct the distortion of the
monopoly pricing, various types of subsidies have been examined in the literature
with lump-sum taxes and fixed labor supply. As expected, the R&D subsidy can
indeed promote R&D investment and growth (e.g., Barro and Sala-i-Martin, 1995;
Davidson and Segerstrom, 1998). Much less obvious is that the R&D subsidy is
dominated by other types of subsidies in terms of social welfare (Barro and Sala-
i-Martin, 1995): Subsidizing either final output produced by competitive firms or the
purchase of intermediate goods produced by monopolistic firms can achieve the
social optimum, but subsidizing R&D, though also welfare improving, cannot. This
is somewhat surprising as the actual government policy has tended to rely on R&D
subsidies, e.g., the United States has long had an R&D subsidy in place. One reason
seems to be that the R&D subsidy is an ‘inexpensive’ tool in terms of lost revenue,
which can only be made up with distortionary taxes, since lump-sum taxes assumed
in the related studies mentioned above are hard to implement.

Once limiting our funding options to distortionary taxes and allowing for elastic
labor supply, several interesting questions arise: first, do these subsidies still
stimulate growth and improve welfare? Second, are the subsidies to final or
intermediate products still better than the R&D subsidy? Third, can these subsidies
completely eliminate the distortion of the monopoly pricing and internalize the R&D
externality to achieve the social optimum in a decentralized setting? Finally, if the
social optimum cannot be achieved, can different subsidies be combined to generate
a better outcome than using a single subsidy?2
1Over-investment in R&D may also occur in models with different settings but much empirical evidence

supports under-investment in R&D (e.g., Cohen and Levin, 1991; Griliches, 1992; Nadiri, 1993; Jones and

Williams, 1998).
2This is not an issue in Barro and Sala-i-Martin (1995) because a single subsidy, either to final output or

to the purchase of intermediate goods, can achieve the social optimum with the aid of lump-sum taxes.
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The objective of this paper is to answer these questions. Specifically, using distor-
tionary taxes we examine the different types of subsidies and their combinations
in terms of their effects on growth and welfare. In order to do so, we extend the
R&D growth model of Barro and Sala-i-Martin (1995) with variety expansion by
incorporating elastic labor supply.

Our different approach brings to light several new insights. First, subsidizing
R&D investment is more effective than subsidizing final output or subsidizing the
purchase of intermediate goods in terms of promoting growth. This is because the
former directly reduces the cost of R&D investment at a lower tax cost compared to
the latter forms of subsidies. The lower tax revenue for the R&D subsidy to achieve
any given growth target than other subsidies does give the R&D subsidy an
advantage when the tax has to be distortionary.3 Second, in terms of raising welfare,
the R&D subsidy may also be more effective than the other subsidies and all of them
are dominated by their mix, but none can achieve the social optimum, because of the
relative strength and weakness associated with the different types of subsidies. As
mentioned above, the R&D subsidy tends to be more effective in engendering
dynamic gains at a lower tax cost than the other types of subsidies, in a direction of
mitigating the under-investment caused by the R&D externality. As in the literature,
however, the R&D subsidy is less effective than the other subsidies in reducing the
efficiency loss associated with monopoly pricing.

The rest of this paper is organized as follows. The next section sets up the model
and solves firms and households’ optimization problems. Section 3 describes the
social planner’s problem, which is to be compared with decentralized solutions.
Section 4 derives the results. The last section concludes.
2. The model

The model is an extension of the endogenous growth model with variety expansion
in Barro and Sala-i-Martin (1995, Chapter 6) by considering a labor–leisure choice
and distortionary taxes. In this model, R&D investment creates new types of
intermediate goods for final production.

2.1. Households

The economy is populated with a continuum of identical infinitely lived
households with a (constant) mass L. Each household has one unit of time which
is allocated between leisure l and production ð1� lÞ. The representative household’s
preferences are defined over an infinite horizon

U0 ¼

Z 1
0

ðcl�Þ1�y � 1

1� y

" #
e�rt dt; y40; r40; �40, (1)
3When the tax is lump-sum in Barro and Sala-i-Martin (1995) with fixed labor supply, this lower tax

revenue needed to finance one subsidy than the others does not matter.
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where c is consumption, r the rate of time preference, � the taste for leisure, and y the
inverse of the constant elasticity of intertemporal substitution. To economize
notations, we omit time subscript t whenever no confusion may arise.

Household income, from assets and work, is allocated between consumption and
saving

_a ¼ arþ ð1� tÞwð1� lÞ � c, (2)

where t is the tax rate on labor income, a the amount of assets, _a the time derivative
of a (or investment), r the real interest rate, and w the wage rate. Here, we abstract
from taxing interest income because it would further complicate the difficult welfare
analysis. If interest income were taxed at the same rate as wages are taxed, the tax
base would be broadened, but the after-tax rate of return on investment in R&D
would fall. To generate the same level of tax revenue for subsidies, the broadened tax
base reduces the tax rate on wage income and thus may lead to higher labor supply
(hence higher demand for the intermediate goods), while the reduced rate of return
on R&D investment reduces R&D investment. The net gains in growth and welfare
of the uniform income tax over the wage income tax are therefore unclear. However,
with this uniform income tax, all the subsidies would still stimulate R&D activities
and growth, in a direction to mitigate the efficiency loss originating from the R&D
externality. Thus, the results with the uniform income tax would be essentially
similar to those with the wage income tax, though quantitatively different.

The household chooses consumption c and leisure l to maximize its utility in (1)
subject to the budget constraint (2), taking the interest and wage rates as given.
Solving this problem yields:

g � _c=c ¼ ðr� rÞ=y, (3)

c ¼ ð1� tÞwl=�. (4)

Eq. (3) is standard in the literature, linking consumption growth positively to the
rate of return on assets (r) and the willingness of intertemporal substitution (1=y)
but negatively to the rate of time preference (r). Eq. (4) captures the relationship
between consumption and leisure. Finally, the transversality condition is limt!1

fa � exp½�
R t

0 rv dv�g ¼ 0, i.e., neither debt nor asset will be left at the end of the
planning horizon.

2.2. Final production

A final good is produced by a large number of identical competitive firms. A firm i

uses X ij units of intermediate good j and Li units of labor to produce Y i units of the
final good according to

Y i ¼ F ðX ij ;LiÞ � AL1�a
i

Z N

0

X a
ij dj; A40; 0oao1, (5)

where A is a productivity parameter, N is the number of available intermediate
goods, and ameasures the importance of intermediate good j relative to labor in final
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production. Since X ij ¼ X i, 8j, in equilibrium by symmetry, the production function
in (5) becomes

Y i ¼ ANL1�a
i X a

i , (6)

where output growth is driven by expanding the variety of intermediate goods N.
The profit function of firm i in the final sector is defined as

Pi ¼ ð1þ syÞAL1�a
i

Z N

0

X a
ij dj � wLi � ð1� sxÞ

Z N

0

pjX ij dj; 0psxo1; syX0,

(7)

where the price of the final good is normalized to unity, pj is the price of intermediate
good j measured in units of the final good, and sy and sx are respectively subsidies to
final output and to the purchase of intermediate goods. In the final sector, factors are
paid by their marginal products: ð1þ syÞFX ij

¼ ð1� sxÞpj and ð1þ syÞFLi
¼ w. The

optimal condition ð1þ syÞFX ij
¼ ð1� sxÞpj gives firm i’s demand for an intermediate

good, X ij , leading to the aggregate demand X j as

X j ¼ G
X

i

LiðapjÞ
1=ða�1Þ; G �

a2Að1þ syÞ

1� sx

� �1=ð1�aÞ
, (8)

where G is a function of the subsidy rates sx and sy. The optimal condition ð1þ
syÞFLi

¼ w gives firm i’s demand for labor, Li ¼ ð1� aÞð1þ syÞY i=w. Equating
aggregate labor demand and supply, i.e.,

P
i Li ¼ Lð1� lÞ, the equilibrium quantity

of labor is equal to

Lð1� lÞ ¼ ð1� aÞð1þ syÞY=w. (9)

2.3. Expansions of the variety of intermediate goods

We adopt several assumptions in the literature to simplify the analysis. First, the
R&D process is deterministic, i.e., investing Z fixed units of the final good in R&D
creates a new type of intermediate good. Also, innovators are given permanent
monopoly rights over the production and sale of their invented intermediate goods,
and one unit of any intermediate good can be produced using one unit of the final
good (i.e., a unit marginal cost). Finally, there is free entry in the R&D sector.

With the permanent monopoly right, the value of a new technology (the discounted
present value of the gross profit from producing a new intermediate good) is

VtðpjÞ ¼

Z 1
t

ðpj � 1ÞX je
�
R v

t
rðsÞ ds

dv, (10)

where r is the interest rate. Without any state variable in (10), the problem maxpj
V t is

equivalent to

max
pj

½ðpj � 1ÞX j � ¼ max
pj

fðpj � 1ÞGLð1� lÞðapjÞ
1=ða�1Þ

g. (11)
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Since an individual supplier of intermediate good j is negligible compared to a
continuum of intermediate goods with a mass N, we assume that it takes the quantity
of aggregate labor Lð1� lÞ, the wage, and the prices of other intermediate goods and
the final good as given when making its own price decision. The problem in (11) gives
the same monopoly pricing rule for all X j :

pj ¼ p ¼ 1=a41. (12)

That is, the monopoly sets a constant markup on the unit marginal cost.
Combining (8) and (12) yields the equilibrium quantity of an intermediate good

X j ¼ X � GLð1� lÞ, (13)

which is also constant over time and the same for all intermediate goods. With free
entry into the R&D sector, the profit from R&D must be zero: Zð1� snÞ ¼ V t ¼

ð1� aÞX=ðarÞ. Rewrite it as

r ¼
ð1� aÞX
ð1� snÞaZ

¼
ð1� aÞGLð1� lÞ

ð1� snÞaZ
. (14)

By (14) and the definition of G, the rate of return on R&D investment r depends on
the subsidies (sy; sx; sn) and leisure l. Also, this rate of return is increasing with the
size of the labor force L. In other words the model suffers from a ‘level effect’ as
discussed in Jones (1995).4

2.4. Government

The government taxes labor income at a flat rate t to finance the subsidies

twð1� lÞL ¼ syY þ sxNX=aþ snZgNN, (15)

where gN �
_N=N is the growth rate of the variety of intermediate goods. In (15), the

left-hand side is the total revenue from labor income taxes and the right-hand side is
the total expenditure on subsidizing final output ðsyY Þ, the purchase of intermediate
goods ðsxNX=aÞ and investment in R&D ðsnZgNNÞ. As other types of taxes only lead
to quantitative rather than qualitative alterations, we ignore them for simplicity.
However, we will explicitly have a consumption tax later when focusing on whether
subsidies funded by distortionary taxes can achieve the social optimum.

3. The social planner’s problem

For comparisons with a decentralized setting, we first solve the social planner’s
problem

max
c;l

Z 1
0

ðcl�Þ1�y � 1

1� y

" #
e�rt dt, (16)
4When the ‘level effect’ is removed, the welfare differences for different policies may be smaller in the

light of Jones (1995). In our simulation later, we will remove the level effect by normalizing L to unity in

the benchmark parameterization, and explore the remaining welfare differences across different policies.
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subject to the resource constraint: Y ¼ A½Lð1� lÞ�1�aNX a ¼ Lcþ Z _N þNX . The
solution is given by

lsp ¼
�ZrðAaÞ�a=ð1�aÞ � �ALð1� aÞð1� yÞ
yALð1� aÞ � �ALð1� aÞð1� yÞ

, (17)

X sp ¼ ðAaÞ1=ð1�aÞLð1� lspÞ, (18)

gsp ¼ ð1� aÞX sp=ðaZyÞ � r=y, (19)

csp ¼ c0e
gspt with c0 � A½Lð1� lspÞ�

1�aN0½ð1� aÞðy� 1Þ þ aZr=X sp�. (20)

The welfare function is

U0 ¼ max
fc;lg

Z 1
0

ðcl�Þ1�y � 1

1� y

 !
e�rt dt ¼

ðc0l
�
spÞ

1�y

ð1� yÞ½r� ð1� yÞgsp�
�

1

rð1� yÞ
.

(21)

The transversality condition means r� ð1� yÞgsp40. Numerically, Table 1 shows
the ratio of R&D investment to output, the growth rate, and welfare for various
parameterizations in the social planner’s solution. The benchmark parameterization,
briefly noted in Table 1, will be discussed with more details later.
4. The decentralized equilibrium with subsidies

The decentralized economy in this type of model is known to be always in a
balanced equilibrium for any constant subsidy rates set by the government, whereby
the proportional allocations of output and time and the growth rate are all constant
over time, and the growth rate is the same for final output, consumption, and the
rate of innovation. Because of the labor – leisure choice, the derivation of the growth
rate is much more involved than in a standard R&D model with fixed labor supply.

We first rewrite (3) as: r ¼ ygþ r. Substituting it into (14) provides X ¼ aZð1� snÞ

ðygþ rÞ=ð1� aÞ, which, together with (13), gives l ¼ 1� aZð1� snÞðygþ rÞ=
½ð1� aÞGL�. Also, combining (9), (13) and the final-output function Y ¼ A½Lð1�
lÞ�1�aNX a yields w ¼ ð1� aÞð1þ syÞANGa. Finally, substituting (4) and the
above expressions of ðX ; l;w;Y Þ into the resource constraint for the economy,
C ¼ Lc ¼ Y � ZgNN �NX , leads to the solution for the growth rate

g ¼
½ð1� aÞGL� ð1� snÞaZr�ð1� aÞð1� tÞð1þ syÞAGa�1 � �aZrð1� snÞðAGa�1 � 1Þ

yaZð1� aÞð1� snÞð1� tÞð1þ syÞAGa�1 þ �yaZð1� snÞðAGa�1 � 1Þ��Zð1� aÞ
,

(22)

where the rates of the tax and subsidies must satisfy the following transformed
version of the government budget constraint

t ¼
sy

ð1� aÞð1þ syÞ
þ

asx

ð1� aÞð1� sxÞ
þ

agsn

ð1� snÞð1� sxÞðygþ rÞ
(23)
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Table 1

The social planner’s solution

Benchmark parameterization

a ¼ 0:3, y ¼ 1:5, � ¼ 0:5, Z ¼ 2:02, r ¼ 0:05, A ¼ L ¼ N0 ¼ 1

Parameters R&D rate ð%Þ Growth rate ð%Þ Welfare

Benchmark parameterization

32.35 7.53 �39.90

Alternative parameterizations

a ¼ 0:2 40.80 10.85 �22.77

a ¼ 0:4 23.86 4.93 �59.48

� ¼ 0:3 33.63 8.60 �27.03

� ¼ 0:7 30.99 6.59 �51.92

� ¼ 1:0 28.74 5.34 �68.76

y ¼ 1:1 45.57 11.47 �20.48

y ¼ 2:0 23.74 5.27 �74.11

y ¼ 3:0 15.50 3.30 �270.70

r ¼ 0:02 41.23 10.11 �16.92

r ¼ 0:08 22.49 4.96 �33.45

Z ¼ 1:0 39.88 19.59 �14.18

Z ¼ 3:0 24.46 3.67 �51.78

A ¼ 0:5 1.43 0.11 �123.62

A ¼ 2:0 41.63 27.53 12.98

L ¼ 0:5 15.29 1.62 �57.54

L ¼ 2:0 39.81 19.35 �14.53

Note: (1) The benchmark parameters are chosen to be consistent with those used in the literature and

generate a growth rate of 3.0% in a competitive equilibrium with R&D subsidies (the average growth rate

for the past 30 years in the United States). (2) The optimal R&D rate refers to the ratio of R&D

investment to output.
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which arises from dividing both sides of the government budget constraint (15) by
final output Y and arranging terms. Therefore, (22) and (23) jointly determine the
equilibrium solution for the growth rate. Now we can see that the subsidies (sx; sy, sn)
affect the growth rate g. The effects of subsidies (sx; sy) on growth also go through
the factor G defined in (8).

To facilitate the welfare analysis, we also derive the solution for the equilibrium
welfare level as a function of the tax and subsidies. Given the initial number of
intermediate goods N0, the subsequent number is determined by the exponential
expansion N ¼ N0e

gt. Also, given the solution for g, we can obtain the solution for
consumption and leisure:

c ¼ c0e
gt; c0 ¼

ZN0

L

½1� sx � a2ð1þ syÞ�ð1� snÞðygþ rÞ
að1� aÞð1þ syÞ

� g
� �

, (24)

l ¼ 1�
aZð1� snÞðygþ rÞ
ð1� aÞGL

. (25)
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As in the social planner’s problem, the welfare function is of the form

U0 ¼ max
fc;lg

Z 1
0

ðcl�Þ1�y � 1

1� y

 !
e�rt dt ¼

ðc0l
�
Þ
1�y

ð1� yÞ½r� ð1� yÞg�
�

1

rð1� yÞ
, (26)

where g, c0 and l are given by (22), (24) and (25), respectively. Moreover, the
transversality condition implies r� ð1� yÞg40. We can now compare different
types of subsidies.

We begin with the equivalence between subsidies provided to final output sy and
to the purchase of intermediate goods sx and any combination of them. Define
sf � ðsx þ syÞ=ð1� sxÞ as the effective subsidy rate to final output (hereafter, the
production subsidy), then ð1þ syÞ=ð1� sxÞ ¼ 1þ sf and G ¼ ½a2Að1þ sf Þ�

1=ð1�aÞ. It
suffices to show that it is the effective subsidy rate sf , not the decomposition between
sx and sy, that matters for both the growth rate g and welfare U. Using the definition
of sf , we substitute (23) into (22) and solve it to obtain

g ¼
�C2 þ ðC2

2 � 4C1C3Þ
1=2

2C1
, (27)

where

C1 � yfy�ð1� snÞ½1� a2ð1þ sf Þ� � ð�þ snÞð1� aÞað1þ sf Þ

þ yð1� snÞ½1� að1þ sf Þ�g,

C2 � �
ð1� aÞLG
aZð1� snÞ

� r
� �

fyð1� snÞ½1� að1þ sf Þ� � ð1� aÞsnað1þ sf Þg

þ 2�yrð1� snÞ½1� a2ð1þ sf Þ� � �rð1� aÞað1þ sf Þ

þ yrð1� snÞ½1� að1þ sf Þ�,

C3 � �
ð1� aÞLG
aZð1� snÞ

� r
� �

rð1� snÞ½1� að1þ sf Þ� þ �r2ð1� snÞ½1� a2ð1þ sf Þ�.

To guarantee that the growth rate g given by (27) is nonnegative, we assume that
C140, C2o0 and C3o0.5 From (27), we can see that the growth rate depends on
the combined effective subsidy rate sf rather than individual subsidy rates sx and sy.
Also, leisure l is a function of the effective subsidy rate sf in (25), and so is
consumption c0 when writing (24) as

c0 ¼
ZN0

L

½1� a2ð1þ sf Þ�ð1� snÞðygþ rÞ
að1� aÞð1þ sf Þ

� g
� �

. (28)
5This assumption holds true if y4a and if r is sufficiently small in the absence of any subsidy. The need

of a small enough r is standard for g40 by (3). Also, the restriction yXa is not binding in the real world

since most related empirical evidence suggested y41. With these assumptions, we ignore the negative root

g ¼ �C2 � ðC2
2 � 4C1C3Þ

1=2=2C1.
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Thus, the welfare function given by (26) depends on the effective subsidy rate sf as
does the growth rate. Summarizing our discussion, we have

Proposition 1. With elastic labor supply and distortionary taxes, the subsidies to final

output or to the purchase of intermediate goods are equivalent concerning their effects

on growth and welfare.

The equivalence between these two types of subsidies was seen in Barro and Sala-
i-Martin (1995) with lump-sum taxes and fixed labor supply. Here, we extend it to
the case with a labor – leisure choice and distortionary taxes. With Proposition 1,
we can now focus on the production subsidy sf and the R&D subsidy sn in the rest of
the paper.

Setting sx ¼ 0 and sf ¼ sy, the government budget constraint (23) becomes

tð1� aÞð1þ sf Þ ¼
snZga2ð1þ sf Þ

X
þ sf . (29)

Using (22) and (25), we have the solution for leisure:

l ¼ U1=U2, (30)

where

U1 � �Zrð1� snÞG�a=aþ �ALfyð1� snÞ½1� a2ð1þ sf Þ�=a� ð1� aÞð1þ sf Þg,

U2 � �ALfyð1� snÞ½1� a2ð1þ sf Þ�=a� ð1� aÞð1þ sf Þg

þ ALyð1� snÞð1� aÞð1þ sf Þð1� tÞ=a.

We can then express c0, X and g as

c0 ¼
GN0lð1� tÞð1� aÞ

a2�
, (31)

X ¼ GLð1� lÞ, (32)

g ¼
ð1� aÞX
ð1� snÞaZy

�
r
y
. (33)

Before comparing the subsidies, it is interesting to compare the decentralized
solution without any subsidies and taxes with the social planner’s. From (30) and
(17), leisure is higher in the former than in the latter. Conversely, from (32) and (18),
the equilibrium quantity of intermediate goods is lower in the former than in the
latter, partly also because at sf ¼ sn ¼ 0, G ¼ ½a2A�1=ð1�aÞoðaAÞ1=ð1�aÞ due to the
monopoly pricing p ¼ 1=a in the former. As a result, the growth rate is lower in
the former than in the latter, according to (33) and (19). The intuition is that in the
presence of the externality of the variety expansion, the perceived rates of return to
working and innovation in this decentralized economy without subsidies are lower
than the social rates. Granting monopoly rights to innovators alone does not close
the gap in the rates of return as pricing intermediate goods above their marginal
costs reduces the demand for intermediate goods.
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It may appear that financing subsidies through a lump-sum tax can achieve the
socially optimal solution. This was indeed the case in Barro and Sala-i-Martin: with
inelastic labor supply in their model, setting the production subsidy rate as 1þ sf ¼

1=a (i.e., equalizing the user cost and the marginal cost of intermediate goods)
would imply G ¼ ½a2Að1þ sf Þ�

1=ð1�aÞ ¼ ðaAÞ1=ð1�aÞ and hence would achieve the
socially optimal quantity of intermediate goods X. But in our model, this is
insufficient to obtain the socially optimal quantity of X ¼ GLð1� lÞ since the level of
labor per worker 1� l at this particular subsidy rate remains below its socially
optimal level. That is, lowering the user cost of intermediate goods to their marginal
cost by the production subsidy to correct the efficiency loss of monopoly pricing is
not enough to achieve the social optimum with elastic labor. Subsidizing R&D
investment by a lump-sum tax cannot achieve the socially optimal solution either,
since when X becomes the same as in the social planner’s solution, a positive sn

in (33) will lead to excessive growth compared to that in the social planner’s solution
in (19).
4.1. Growth-maximizing subsidies

We now compare the two subsidies in terms of their effectiveness in promoting
growth for two reasons. First, growth is important in its own right, both in theory
and in practice. Second, the type of subsidy that is more conducive to growth can
gain more dynamic efficiency in dealing with the R&D externality and monopoly
pricing, and thus is a possible candidate to improve welfare.

The growth rate under the production subsidy can be obtained from (27) by
setting sn ¼ 0:

gðsf Þ ¼
½ð1� aÞGL=aZ� r�½1� að1þ sf Þ� � �r½1� a2ð1þ sf Þ�

y½1� að1þ sf Þ� þ �y½1� a2ð1þ sf Þ� � �ð1� aÞað1þ sf Þ
. (34)

We then observe the following (see Appendix A for the proof):

Proposition 2. For yXa and a small enough r, the growth rate is globally concave with

respect to the production subsidy, and reaches its global maximum at a finite positive

value of the subsidy.

Intuitively, the production subsidy exerts opposing forces on growth. The positive
force is standard and obvious. Missing in models with lump-sum taxes is the negative
force from the tax distortion that reduces labor supply and in turn lowers the
demand for intermediate goods by (13). Further, the positive effect falls with the
subsidy rate due to diminishing marginal product of intermediate goods in final
production. Thus, when the subsidy rate is low (high), the positive (negative) effect
dominates. When the opposing effects exactly cancel out, the growth rate peaks.

Under the R&D subsidy sn, the growth rate is determined by (27) with sf ¼ 0, i.e.,

gðsnÞ ¼
�C2ðsnÞ þ ½C2ðsnÞ

2
� 4C1ðsnÞC3ðsnÞ�

1=2

2C1ðsnÞ
, (35)
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where

C1ðsnÞ � yfyð1� snÞ½1þ �ð1þ aÞ� � að�þ snÞg,

C2ðsnÞ � �
ð1� aÞLða2AÞ1=ð1�aÞ

aZð1� snÞ
� r

" #
½yð1� snÞ � asn�

þ yrð1� snÞ½1þ 2�ð1þ aÞ� � �ra,

C3ðsnÞ � �r
ð1� aÞLða2AÞ1=ð1�aÞ

aZ
� rð1� snÞ½1þ �ð1þ aÞ�

( )
.

The growth effects of the R&D subsidy are summarized below (see Appendix A for
the proof).

Proposition 3. For yXa and a small enough r, the growth rate is globally concave with

respect to the R&D subsidy, and reaches its global maximum at a finite positive value of

the subsidy.

Unlike the production subsidy, the R&D subsidy stimulates growth by directly
reducing the cost of R&D investment (a fraction of final output as in Table 1). It is
thus most likely that the R&D subsidy reaches any growth target at a lower tax rate
than does the production subsidy.

An important question can then be posed: which of these subsidies can lead to a
higher growth rate? An analytical investigation into this question is complicated,
because of the complex expressions of the growth rate in (34) and (35). We thus
appeal to numerical simulations with various parameterizations. A benchmark
parameterization is set as: a ¼ 0:3, y ¼ 1:5, � ¼ 0:5, Z ¼ 2:02, r ¼ 0:05 and
A ¼ L ¼ N0 ¼ 1. Here, the values of ða; �; y;rÞ are within the standard ranges used
in the literature,6 while those of ðA;L; ZÞ are chosen such that the (welfare-
maximizing) growth rate would equal 3:0% in the decentralized equilibrium with the
R&D subsidy. This scenario is calibrated to the United States which has an average
growth rate around 3.0% for the last 30 years and has used an R&D subsidy, not the
production subsidy. In other parameterizations, we allow the values of the
parameters to vary around their benchmark levels, and see whether the results are
sensitive to the variations in parameterization. We report the results in Table 2 which
also gives the numerical solution for the social planner’s problem for comparisons.

For all the parameterizations with which we have experimented, the R&D subsidy
always leads to a higher growth rate than does the production subsidy. And the tax
rate (for growth-maximizing) is lower under the R&D subsidy than under the
production subsidy unless the latter cannot achieve positive growth. With
the benchmark parameterization, for example, the growth rate is only 0.35% (with
a tax rate of 90%) under the production subsidy, but is 5.94% (with a tax rate of
6The value of the key parameter � ¼ 0:5 is taken directly from Lucas (1990), while the values y ¼ 1:5,
r ¼ 0:05 and a ¼ 0:3 (implying a labor’s share of 0:7) are based on the growth calibration exercises in

Lucas (1990), King and Rebelo (1990), and Stokey and Rebelo (1995).
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Table 2

Growth-maximizing subsidies vs. growth rates

Benchmark parameters: a ¼ 0:3, y ¼ 1:5, � ¼ 0:5, Z ¼ 2:02, r ¼ 0:05, A ¼ L ¼ N0 ¼ 1

Parameters Social planner’s Production subsidy (sf ) R&D subsidy (sn)

solution

Growth Tax Subsidy Growth Tax Subsidy Growth

rate rate rate rate rate rate rate

ð%Þ ð%Þ ð%Þ ð%Þ ð%Þ ð%Þ ð%Þ

Benchmark parameterization

7.53 84.59 145.17 0.35 79.67 86.15 5.94

Alternative parameterizations

a ¼ 0:2 10.85 90.38 261.07 1.78 83.76 89.56 9.13

a ¼ 0:4 4.93 0.00� 0.00 0.00 76.14 84.13 3.89

� ¼ 0:3 8.60 88.18 161.29 1.84 82.80 85.65 7.55

� ¼ 0:7 6.59 0.00� 0.00 0.00 77.62 86.73 4.87

� ¼ 1:0 5.34 0.00� 0.00 0.00 75.56 87.62 3.82

y ¼ 1:1 11.47 84.86 146.30 0.56 80.91 83.53 6.40

y ¼ 2:0 5.27 84.44 144.56 0.24 78.89 88.38 5.61

y ¼ 3:0 3.30 84.32 144.03 0.15 78.15 91.14 5.26

r ¼ 0:02 10.11 88.14 161.09 3.14 81.21 83.03 6.50

r ¼ 0:08 4.96 0.00� 0.00 0.00 78.85 88.51 5.59

Z ¼ 1:0 19.59 87.58 158.45 5.43 80.89 83.58 12.92

Z ¼ 3:0 3.67 0.00� 0.00 0.00 78.97 88.11 3.80

A ¼ 0:5 0.11 0.00� 0.00 0.00 78.10 91.38 1.94

A ¼ 2:0 27.53 88.31 161.89 8.83 81.31 82.86 17.60

L ¼ 0:5 1.62 0.00� 0.00 0.00 78.50 89.74 2.72

L ¼ 2:0 19.35 87.55 158.32 5.33 80.88 83.60 12.78

Note: (1) For all the parameterizations, the growth-maximizing mixes of subsidies are the same as using the

R&D subsidy alone. (2) The numbers with � indicate that with these parameterizations, there do not exist

production subsidy rates (and tax rates) that can induce R&D investment.
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84%) under the R&D subsidy. Further, the growth-maximizing combinations of
subsidies are the same as the growth-maximizing R&D subsidies for all the
parameterizations. To provide a global view, Figs. 1(a) and (b) depict the relation-
ship between the combinations of the two types of subsidies and the resulting growth
rates under the same benchmark parameterization (viewed from different angles).
From these figures, it is clear that only the R&D subsidy should be used to maximize
the growth rate, corresponding to the mix of subsidies ðsf ; snÞ ¼ ð0; 86:15%Þ in
Table 2. In fact, as shown in Table 2, the R&D subsidy may generates excess growth
compared to the growth rate in the social planner’s solution (derived in Section 3),
while the production subsidy always produces a lower growth rate than the socially
optimal growth rate.

It is also interesting to see how the variations in the parameters affect growth in
Table 2. As one may expect, a higher rate of time preference r or a lower elasticity of
intertemporal substitution 1=y leads to a lower growth rate, because individuals are
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Fig. 1.

J. Zeng, J. Zhang / Journal of Economic Dynamics & Control ] (]]]]) ]]]–]]]14
less willing to save. Higher productivity in final production A or a larger labor force
L raises the rate of return on investment in R&D, resulting in a higher growth rate.
Similarly, a lower cost of R&D Z raises investment in R&D, leading to a higher
growth rate. A stronger taste for leisure � decelerates growth by increasing leisure
(and thus reducing labor supply). Finally, a higher value of a, i.e., a more important
role of intermediate goods relative to labor in final production, decelerates growth by
lowering the demand for intermediate goods and hence the monopoly price of
intermediate goods 1=a.

4.2. Optimal production subsidies

Setting sn ¼ 0 in (29) leads to t ¼ sf =½ð1� aÞð1þ sf Þ�. Thus, the welfare function
under the production subsidy is given by

U0ðsf Þ ¼
fc0ðsf Þ½lðsf Þ�

�g1�y

ð1� yÞ½r� ð1� yÞgðsf Þ�
�

1

rð1� yÞ
, (36)

where ðc0ðsf Þ; lðsf Þ; gðsf ÞÞ can be found by substituting sn ¼ 0 and t ¼ sf =½ð1� aÞð1þ
sf Þ� into Eqs. (30)–(33) as follows. First, note that the government budget balance
t ¼ sf =½ð1� aÞð1þ sf Þ� in this case fully determines t by the share parameter a and
the subsidy rate sf . Substituting this budget balance and sn ¼ 0 into (30) for t and sn

allows us to obtain the reduced-form solution for leisure lðsf Þ. Further, substituting
lðsf Þ, sn ¼ 0 and t ¼ sf =½ð1� aÞð1þ sf Þ� into (31), (32) and (33) leads to reduced-form
solutions for c0ðsf Þ, X ðsf Þ and gðsf Þ. We thus have:

Proposition 4. For a large enough y (e.g. yX1), the welfare level reaches its global

maximum at a finite positive value of the production subsidy.
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Proof. Differentiating (36) with respect to sf , we have signU 00ðsf Þ ¼ signYðsf Þ,
where

Yðsf Þ � �aAL ALyðy� 1Þð1� aÞ þ
A�Zra2½ð1þ sf Þð1þ ay� aÞ � y� þ Zrysf

ð1� aÞG

� �

�
1þ �

U1
�

ð1� aÞG
U2aZr� ð1� yÞð1� aÞGðU2 � U1Þ

� �
þ

U2
ð1� aÞð1þ sf Þ

þ
½G=ð1þ sf Þ�U2ðU2 � U1Þ

U2aZr� ð1� yÞð1� aÞGðU2 � U1Þ
�

U2
½1� að1þ sf Þ�ð1þ sf Þ

. ð37Þ

When sf ¼ t ¼ 0, the expression in the first bracket on the right-hand side of (37)
becomes proportional to U2 � U1. Thus, by converting U1 and U2 back to l or 1� l,
(37) becomes:

signYð0Þ ¼ sign ð1� lÞð1þ �Þ
�ALaðy� 1Þ

l
þ

ALyð1� aÞG
aZr� ð1� yÞð1� aÞGð1� lÞ

� �� �
.

Note that Yð0Þ40 at least for yX1, because the denominator of the second term is
positive under the transversality condition and because the rest is obviously positive.
If sf were too high, e.g., pushing t towards 1, the remaining resource for
consumption would be too little. In this scenario, further rises in sf would surely
decrease welfare. Thus, the welfare level must reach its global maximum for some
sf 2 ð0;1Þ under yX1, given the underlying continuity of U0ðsf Þ. &

Starting with too little R&D investment and too much leisure without any subsidy,
an increase in the production subsidy encourages R&D investment and thus
stimulates growth as mentioned earlier, moving in the direction toward their socially
optimal levels. The accelerated growth thus enhances welfare over time. On the other
hand, however, an accompanying increase in the labor income tax tends to raise
leisure further above its socially optimal level, leading to a lower level of welfare.
When the subsidy rate is low, the tax distortion is weak and the efficiency gain from
faster growth dominates, leading to a net gain in welfare. Obviously, if the
production subsidy is very high, the tax distortion becomes stronger and eventually
dominates the positive welfare effect. In other words, there should be a positive rate
of the subsidy at which welfare is maximized.

Although Proposition 4 gives the existence of the value of the production subsidy
that maximizes welfare, it is difficult to show analytically whether welfare is globally
concave with this subsidy for the welfare-maximizing subsidy to be unique.
Numerically, Table 3 gives the simulation results for welfare using the same
parameterizations as in Tables 1 and 2. There indeed exists a unique positive
welfare-maximizing production subsidy for each of the parameterizations, as shown
in Fig. 2(a).
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Table 3

Welfare comparisons of production and R&D subsidies

Benchmark parameters: a ¼ 0:3, y ¼ 1:5, � ¼ 0:5, Z ¼ 2:02, r ¼ 0:05, A ¼ L ¼ N0 ¼ 1

Parameters Production subsidy R&D subsidy

(sf ) (sn)

Tax Subsidy Growth Welfare Tax Subsidy Growth Welfare

rate rate rate rate rate rate

ð%Þ ð%Þ ð%Þ ð%Þ ð%Þ ð%Þ

Benchmark parameterization

77.01 116.95 0.17 �67.41 30.55 76.33 3.00 �65.30

Alternative parameterizations

a ¼ 0:2 85.03 212.72 1.51 �46.66 39.93 82.95 5.33 �43.15

a ¼ 0:4 0.00� 0.00 0.00 �90.85 19.03 70.86 1.38 �87.84

� ¼ 0:3 81.64 133.38 1.58 �46.61 36.05 76.38 4.20 �48.43

� ¼ 0:7 0.00� 0.00 0.00 �85.85 25.35 76.38 2.15 �80.03

� ¼ 1:0 0.00� 0.00 0.00 �101.71 17.76 76.54 1.25 �99.01

y ¼ 1:1 79.14 124.21 0.37 �43.35 41.30 76.24 4.06 �40.64

y ¼ 2:0 75.23 111.23 0.07 �124.92 23.06 76.40 2.26 �125.41

y ¼ 3:0 72.99 104.48 0.00�� �516.93 15.48 76.47 1.52 �564.07

r ¼ 0:02 82.41 136.34 2.97 �78.98 48.86 75.69 4.86 �81.04

r ¼ 0:08 0.00� 0.00 0.00 �46.19 11.40 76.78 1.11 �45.72

Z ¼ 1:0 81.54 132.99 5.08 �40.81 46.01 75.80 9.22 �41.11

Z ¼ 3:0 0.00� 0.00 0.00 �73.90 15.14 76.71 0.99 �72.48

A ¼ 0:5 0.00� 0.00 0.00 �146.87 0.00� 0.00 0.00 �146.87

A ¼ 2:0 82.67 137.36 8.37 �1.70 49.72 75.65 13.32 �2.30

L ¼ 0:5 0.00� 0.00 0.00 �73.90 0.00� 0.00 0.00 �73.90

L ¼ 2:0 81.50 132.82 4.98 �41.23 45.86 75.80 9.10 �41.51

Note: (1) The numbers with � indicate that under these parameterizations, there do not exist subsidy rates

(and tax rates) that can induce R&D investment. (2) The number with �� is the rounded-up growth rate of

0:0025%.
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4.3. Optimal R&D subsidies

The welfare function under the R&D subsidy is given by

U0ðsnÞ ¼
fc0ðsnÞ½lðsnÞ�

�g1�y

ð1� yÞ½r� ð1� yÞgðsnÞ�
�

1

rð1� yÞ
, (38)

where

c0ðsnÞ ¼
ZN0

L

ð1þ aÞð1� snÞ½ygðsnÞ þ r�
a

� gðsnÞ

� �
, (39)

lðsnÞ ¼ 1�
aZð1� snÞ½ygðsnÞ þ r�

ð1� aÞða2AÞ1=ð1�aÞL
. (40)
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Unlike the previous case with sf 40 and sn ¼ 0, the current case with sn40 and
sf ¼ 0 has no reduced-form solutions: the five variables c0, t, l, X and g are implicitly
determined by five Eqs. (29)–(33). It is thus difficult to derive analytical results
concerning the welfare effect of the R&D subsidy. For this reason, we again perform
numerical simulations and report the results in Table 3. For each of the
parameterizations, there is a unique optimal R&D subsidy rate. With the benchmark
parameterization, the optimal R&D subsidy obtains a higher welfare level than does
the production subsidy at a much lower tax rate. The welfare curve in Fig. 2(b) is
smooth and single peaked, and the magnitude of the welfare gain can be substantial.

The results in Table 3 also help understand how and why the variations in the key
parameters affect welfare, together with the aid of Eq. (26) that links welfare to
leisure, initial consumption and the growth rate. For example, a rise in y indicates
less willingness to save. As a result, it may raise leisure and initial consumption but
may decelerate growth. (Of course, a higher y also changes welfare without going
through any of the variables l, c0 and g.) The negative growth effect turns out to
dominate and results in a net decline in welfare. Also, a rise in the cost of R&D Z has
opposing effects on both leisure and initial consumption, but is surely harmful for
growth, leading to a net decline in welfare. Further, a stronger taste for leisure �
raises welfare by increasing leisure and reduces welfare by decreasing initial
consumption and the growth rate, resulting in a net decline in welfare.

Another interesting point is that a change in a particular parameter may change
the relative effectiveness of the two subsidies in raising welfare, given the different
characteristics of the two subsidies. Through reducing the R&D cost, the R&D
subsidy is more effective in removing the dynamic efficiency loss of the R&D
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externality by raising the growth rate, but less effective in reducing the static

efficiency loss of monopoly pricing. In contrast, through reducing the user cost of
intermediate goods, the production subsidy is more effective in reducing the static

efficiency loss of monopoly pricing but less effective in reducing the dynamic

efficiency loss. Concerning tax distortions, the R&D subsidy requires a much lower
labor income tax rate than the production subsidy to achieve any given growth
target, since the subsidy base is much smaller in the former case (the R&D
investment) than in the latter case (final output). A change in a particular parameter
changes the magnitudes of these efficiency gains and losses.

For example, when the taste for leisure is weaker (e.g., � ¼ 0:3), the production
subsidy generates a higher welfare level than does the R&D subsidy in Table 3,
reversing the ranking with the benchmark parameterization. This is mainly because,
when leisure is less important, the labor income tax distortion is weaker. When leisure
becomes more important (e.g., � ¼ 0:7), the ranking goes back to that with the
benchmark parameterization. When the elasticity of intertemporal substitution is
higher (e.g., y ¼ 1:1), the R&D subsidy remains better than the production subsidy, as
the dynamic efficiency loss, which is better handled by the R&D subsidy, becomes even
more important. When the elasticity of intertemporal substitution is lower (e.g., y ¼ 2,
or 3), the welfare ranking can be reversed. When the rate of time preference is raised to
r ¼ 0:08, the production subsidy cannot generate any positive growth and is thus
ranked below the R&D subsidy. When the rate of time preference is much reduced to
r ¼ 0:02, the growth rates are rather high in both cases while the welfare ranking of the
subsidies is reversed, indicating that the static efficiency loss is now the chief concern,
which is better handled by the production subsidy. Further, when the cost of R&D
investment Z is low (say Z ¼ 1), the ranking of the subsidies is reversed, because now
the static efficiency loss becomes more important. When the cost of R&D investment is
high (say Z ¼ 3), the ranking goes back to that with the benchmark parameterization.
We thus conclude: in terms of improving welfare, the R&D subsidy can be more or less
effective than the production subsidy depending on parameterizations.

These results are in sharp contrast with those in Barro and Sala-i-Martin (1995).
In their model with lump-sum taxes and fixed labor supply, the production subsidy
always dominates the R&D subsidy, because the former can completely recover both
the static efficiency loss (low demand for intermediate goods) and the dynamic
efficiency loss (the low growth rate) while the latter cannot. With the labor – leisure
trade-off in our model, however, the production subsidy is not effective in bringing
leisure down to its socially best level, even when the tax is lump sum, as mentioned
earlier. When a labor income tax is used, the production subsidy entails more tax
distortions than the R&D subsidy, pushing leisure further up from its socially
optimal level. Thus, in our model the R&D subsidy can be more or less effective than
the production subsidy depending on parameterizations.

4.4. Optimal combination of production and R&D subsidies

Now we want to see whether combining these two subsidies can do better
than using one of them alone. To do so, we first rewrite the government budget
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constraint (23) as

tð1� aÞð1þ sf Þ ¼
snað1þ sf Þ

y
1� a
1� sn

�
arZ

GLð1� lÞ

� �
þ sf . (41)

Then, as shown in Appendix B, the utility-maximizing problem of the government by
choice of ðt; sf ; snÞ subject to its constraint in (41) is equivalent to the following
unconstrained problem that chooses ðsf ; snÞ to maximize:

W � lð1þ�Þð1�yÞ 1�
snað1� aÞ

ð1� aÞyð1� snÞ
þ

sna2Zr
ð1� aÞyGLð1� lÞ

�
sf

ð1� aÞð1þ sf Þ

� �1�y

�ð1þ sf Þ
ð1�yÞ=ð1�aÞ r�

ð1� yÞð1� aÞGLð1� lÞ

aZð1� snÞ

� ��1
. ð42Þ

The first-order conditions for this maximization problem are

W sf
¼

ql

qsf

1þ �

l
þ

snZa2r

ð1� tÞð1� aÞyGLð1� lÞ2

� �

�
ql

qsf

ð1� aÞGL

raZð1� snÞ � ð1� yÞð1� aÞGLð1� lÞ

� �

�
snZa2r

ð1� tÞð1� aÞ2ð1þ sf ÞyGLð1� lÞ
�

1

ð1� tÞð1� aÞð1þ sf Þ
2

þ
1

ð1� aÞð1þ sf Þ
þ

GLð1� lÞ

ð1þ sf Þfarð1� snÞZ� ð1� yÞð1� aÞGLð1� lÞg
¼ 0,

ð43Þ

W sn
¼

ql

qsn

1þ �

l
þ

snZa2r

ð1� tÞð1� aÞyGLð1� lÞ2

� �

�
ql

qsn

ð1� aÞGL

arZð1� snÞ � ð1� yÞð1� aÞGLð1� lÞ

� �

�
a

ð1� tÞyð1� snÞ
2
þ

Za2r
ð1� tÞð1� aÞyGLð1� lÞ

þ
ð1� aÞGLð1� lÞ

farð1� snÞZ� ð1� yÞð1� aÞGLð1� lÞgð1� snÞ
¼ 0, ð44Þ

where ql=qsf and ql=qsn are given in Appendix B. Thus, we have:

Proposition 5. The optimal mix of ðsf ; snÞ is implicitly determined by (41), (43), (44)
and (53).

To reveal the quantitative implications of the optimal mix of subsidies, we use
numerical simulations and report the results in Table 4 with the same
parameterizations as in previous tables. For each parameterization, there is a
unique welfare-maximizing combination of the two types of subsidies. For example,
with the benchmark parameterization, the optimal mix of these subsidies is
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Table 4

Optimal combinations of subsidies vs. welfare

Benchmark parameters: a ¼ 0:3, y ¼ 1:5, � ¼ 0:5, Z ¼ 2:02, r ¼ 0:05, A ¼ L ¼ N0 ¼ 1

Parameters Social planner’s No subsidies Combinations of subsidies

solution (sf ¼ sn ¼ 0) (sf ; sn)

Welfare Welfare Tax rate (%) Subsidy rates (%) Welfare

Benchmark parameterization

�39.90 �73.90 71.16 (73.84, 53.01) �58.32

Alternative parameterizations

a ¼ 0:2 �22.77 �58.68 77.70 (109.64, 60.33) �37.75

a ¼ 0:4 �59.48 �90.85 64.23 (51.83, 48.80) �79.88

� ¼ 0:3 �27.03 �60.21 76.61 (86.11, 48.47) �40.80

� ¼ 0:7 �51.92 �85.85 67.14 (67.84, 55.55) �73.35

� ¼ 1:0 �68.76 �101.71 62.72 (64.42, 57.60) �92.39

y ¼ 1:1 �20.48 �46.56 74.28 (71.21, 53.76) �36.94

y ¼ 2:0 �74.11 �142.16 69.34 (76.06, 52.36) �107.73

y ¼ 3:0 �270.70 �647.38 67.75 (78.52, 51.64) �437.61

r ¼ 0:02 �16.92 �175.12 77.00 (76.21, 49.39) �65.03

r ¼ 0:08 �33.45 �46.19 67.04 (78.79, 53.92) �41.55

Z ¼ 1:0 �14.18 �73.90 75.95 (75.06, 50.24) �34.38

Z ¼ 3:0 �51.78 �73.90 67.71 (77.50, 53.88) �65.74

A ¼ 0:5 �123.62 �146.87 0.00� (0.00, 0.00) �146.87

A ¼ 2:0 12.98 �25.48 77.32 (76.63, 49.11) 1.52

L ¼ 0:5 �57.54 �73.90 0.00� (0.00, 0.00) �73.90

L ¼ 2:0 �14.53 �73.90 75.90 (75.01, 50.28) �34.77

Note: The numbers with � indicate that for these parameterizations, there do not exist welfare-maximizing

mixes of subsidies that can induce R&D investment.
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ðsf ; snÞ ¼ ð73:84%; 53:01%Þ, and the resulting welfare is �58:32, which is substan-
tially higher than the welfare level without subsidies (�73:90). The relationship
between the combination of these subsidies and the welfare level with the same
benchmark parameterization is depicted in Figs. 3(a) and (b) for an easier view from
different angles. According to the simulation results, combining the two types of
subsidies gives a higher level of welfare than a single subsidy. For example, in Table 3
with the benchmark parameterization, the production subsidy obtains a maximum
welfare level of �67:41 while the R&D subsidy obtains a maximum welfare level of
�65:30, both of which are much lower than that (�58:32) achieved by their optimal
mix in Table 4.

The key point of using both subsidies jointly is to take advantage of their relative
strengths. While the production subsidy is more effective in removing the static

distortion of the monopoly pricing by stimulating the demand for intermediate
goods, the R&D subsidy tends to be more effective in removing the dynamic

efficiency loss of the R&D externality by promoting growth. As a result, mixing both
types of subsidies does better than using them in separation.
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We now consider whether there is any first-best combination of ðsn; sf Þ financed by
a labor income tax at rate t and a consumption tax at rate tc. The government
budget constraint becomes

tcLcþ Lwð1� lÞt ¼ snZgN þ sf Y , (45)

and accordingly the household budget constraint is given by

_a ¼ arþ wð1� lÞð1� tÞ � cð1þ tcÞ. (46)

The equilibrium solution is given by

l ¼
�ZrðaAÞ�a=ð1�aÞ þ �AL½yð1� aÞ � ð1� aÞ=ð1� snÞ�

�AL½yð1� aÞ � ð1� aÞ=ð1� snÞ� þ ALyð1� aÞð1� tÞ=½að1þ tcÞ�
, (47)

X ¼ GLð1� lÞ, (48)

g ¼
ð1� aÞX
ð1� snÞaZy

�
r
y
. (49)

To achieve the first-best outcome in a decentralized equilibrium (i.e., l ¼ lsp,
X ¼ X sp and g ¼ gsp), we must satisfy the following three conditions:

ðAÞ sf ¼ ð1� aÞ=a; ðBÞ sn ¼ 0; ðCÞ 1� t ¼ að1þ tcÞ.

To be feasible, conditions (A)–(C) must also meet the government budget balance:

ðDÞ t ¼
lsp � �ð1� lspÞ � alsp

lsp � �ð1� lspÞ
o1.
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Note that, to be incentive compatible, the labor income tax rate should be less than
1, i.e., to1. Under these restrictions, the first best can never be achieved as shown
below:

Proposition 6. No combination of ðsf ; sn; t; tcÞ can achieve the first-best outcome for

to1.

Proof. By (D), whether there exists any labor income tax rate less than 1 such that
conditions (A)–(D) hold depends on the sign of lsp � �ð1� lspÞ: If lsp � �ð1� lspÞo0,
then t41 under condition (D). Now, suppose lsp � �ð1� lspÞ40. Combining this
with the solution for lsp, we have: að1þ �ÞZr4ðaAÞ1=ð1�aÞLð1� aÞ. Also, note that
gspX0 has to hold in this model since the worse growth performance is not to
innovate at all (zero growth). That is, we have ðaAÞ1=ð1�aÞLð1� lspÞð1� aÞXraZ.
Combining the above two conditions yields

ð1þ �Þr4
ðaAÞ1=ð1�aÞLð1� aÞ

aZ
X

r
1� lsp

,

which implies that lsp � �ð1� lspÞo0, reaching a contradiction. &

From this proposition, we can see that the optimal combination of subsidies in
Proposition 5 is only the second best. This result is illustrated quantitatively by the
simulation results in Tables 3 and 4 in which the numerical solutions for the social
planner’s problem are also provided. The result here is in sharp contrast with that in Barro
and Sala-i-Martin (1995) in which using the production subsidy alone (or a subsidy to the
purchase of intermediate goods) can induce the decentralized equilibrium to achieve the
social optimum with a lump-sum tax. As they speculated, once the subsidy has to be
financed by distortionary taxes, the social optimum may not be achievable.
5. Conclusion

We have examined the growth and welfare implications of various subsidies by
extending a standard R&D growth model to incorporate elastic labor supply and
distortionary taxes. The results differ substantially from those in the literature. With
inelastic labor supply and lump-sum taxes in Barro and Sala-i-Martin (1995), the
social optimum can be attained by subsidizing either final output or the purchase of
intermediate products. However, in our model none of the subsidies can achieve the
social optimum, because in the presence of the R&D externality they cannot bring
leisure down to its socially optimal level, although they all simulate R&D investment
and growth. Also, in Barro and Sala-i-Martin (1995), subsidizing either final output
or the purchase of intermediate goods is definitely better than subsidizing R&D
investment, as the former, not the latter, can achieve the social optimum. In our
model, which type of the subsidies leads to a higher welfare level is unclear and
depends on parameterizations; in particular, the R&D subsidy is more effective in
promoting growth and may obtain higher welfare levels than the other forms of
subsidies. The possibility that the R&D subsidy is better than the other subsidies is
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largely due to the labor – leisure trade-off and their different requirements for tax
revenue in our model. Moreover, in our approach mixing the two types of subsidies
does better than using them in separation in maximizing welfare.

Also different from the literature are the policy implications of our results given
the real-world tax system that consists of mainly income and consumption taxes. If
growth is a chief concern as in many nations, subsidizing R&D is surely better than
subsidizing either final output or the purchase of intermediate goods. Even if social
welfare is the sole criterion, our results are not against the common practice of
subsidizing R&D investment as observed in industrial nations, since the R&D
subsidy can still improve on a decentralized equilibrium with or without other forms
of subsidies.
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Appendix A

Proof of Proposition 2. To see the response of gðsf Þ to a change in sf , we differentiate
(34) with respect to sf . Then we have: sign g0ðsf Þ ¼ signFðsf Þ, where

Fðsf Þ � aZfGL½1� að1þ sf Þ�=ð1þ sf Þ � a½ð1� aÞGL� aZr� þ �a3Zrg

� fy½1� að1þ sf Þ� þ �y½1� a2ð1þ sf Þ� � �að1� aÞð1þ sf Þg

þ a2Zf½ð1� aÞGL� aZr�½1� að1þ sf Þ� � �aZr½1� a2ð1þ sf Þ�g

� ½yþ �ayþ �ð1� aÞ�.

When sf ¼ 0, we have: Fð0Þ ¼ aZGLð1� aÞ2½�ðy� aÞð1� aÞ þ �að1� aÞþ yð1þ �aÞ��
�a3Z2rð1þ �Þð1� aÞ. For any meaningful solution, we must have gðsf ÞX0 at sf ¼ 0
which can usually be guaranteed by a small enough r, implying ð1� aÞGLXaZr½1þ
�ð1þ aÞ� by (34). Substituting this into Fð0Þ and noting that the coefficient on GL is
positive under yXa, we have Fð0ÞXra3Z2ð1� aÞ½�ð1� aÞ þ 1þ 2a�þ a�2�40. We
then show g0ðsf Þo0 at a high level of sf . Suppose sf ¼ ð1� aÞ=ð2� aÞ such that
t ¼ 1. It is obvious by (22) that gðsf Þ cannot be positive at such a level of sf , starting
with any gðsf Þ40 for sf ¼ 0. Thus, g0ðsf Þo0 must occur before sf is raised to the level
ð1� aÞ=ð2� aÞ. So g0ðsf Þ ¼ 0 must hold for some sf 40. Since

signF0ðsf Þ ¼ sign
GL

aZ
1� að1þ sf Þ � ð1� aÞð½1þ að1þ sf Þ�

ð1� aÞa2ð1þ sf Þ
2

( )

¼ signf�a½asf þ ð1� aÞð1þ sf Þ�go0,
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Fðsf Þ is monotonically decreasing in sf and thus the solution for Fðsf Þ ¼ 0 is unique.
Thus, for ypa and a small enough r (such that g40), g is globally concave with
respect to sf and reaches a maximum level at 0osf o1. &
Proof of Proposition 3. We set sf ¼ 0 and use (22) and (23) to rewrite the growth rate
in terms of both the R&D subsidy sn and the tax rate t:

gðsnÞ ¼
½ð1� aÞGL=ðaZÞ � ð1� snÞr�ð1� tÞ � �rð1þ aÞð1� snÞ

yð1� snÞð1� tÞ þ �yð1þ aÞð1� snÞ � �a
, (50)

where t satisfies

t ¼
agsn

ð1� snÞðygþ rÞ
.

Substituting it into (50) for t and differentiating the resulting equation with respect
to sn, we obtain g0ðsnÞ ¼ L1=L2, where

L1 � aZgy½ygþ agþ r�ð1� snÞ þ aZgy½ð1� snÞðygþ rÞ � agsn�

þ gaZ�yð1þ aÞð1� snÞðygþ rÞ þ gaZ½�yð1þ aÞð1� snÞ � a��ðygþ rÞ

� ð1� aÞGLðygþ agþ rÞ þ aZr½ð1� snÞðygþ rÞ � agsn�

þ aZrð1� snÞðygþ agþ rÞ þ 2aZ�rð1þ aÞð1� snÞðygþ rÞ,

L2 � aZyð1� snÞ½ð1� snÞðygþ rÞ � agsn� þ aZgyð1� snÞ½ð1� snÞy� asn�

þ aZð1� snÞ½�yð1þ aÞð1� snÞ � a��ðygþ rÞ þ aZgyð1� snÞ

� ½�yð1þ aÞð1� snÞ � a�� � ð1� aÞGL½yð1� snÞ � asn�

þ aZrð1� snÞ½yð1� snÞ � asn� þ aZ�ryð1þ aÞð1� snÞ
2.

By 1� t ¼ ½ð1� snÞðygþ rÞ � agsn�=½ð1� snÞðygþ rÞ�, it is clear that 1� t ¼ 1 if
sn ¼ 0 and that if sn ¼ 1 then 1� tp0 for any non-negative g. Using (50) to express
ð1�aÞGL ¼ aZg½yð1�snÞð1�tÞ þ �yð1þaÞð1� snÞ � �a�=ð1� tÞ þ �aZrð1þ aÞð1� snÞ=
ð1� tÞ þ aZrð1� snÞ. Substituting out ð1� aÞGL in L1 and L2, we have: if sn ¼ 0
and if yXa, then L1;L240, leading to g0ðsnÞ40. If sn ¼ 1, then g cannot be positive
by (50) and by the expression of ð1� tÞ. Thus, starting with sn ¼ 0 and any
positive g, g0ðsnÞo0 must occur before sn rises to 1. Thus, g0ðsnÞ ¼ 0 for some
sn40.

The rest of the proof is to show that F0ðsnÞo0, paralleling the proof of Proposition 2.
From (35), we have: sign g0ðsnÞ ¼ signFðsnÞ, where

FðsnÞ � C1ðsnÞ½C2ðsnÞ
2
� 4C1ðsnÞC3ðsnÞ�

�1=2

� ½C2ðsnÞC02ðsnÞ � 2C3ðsnÞC01ðsnÞ � 2C1ðsnÞC03ðsnÞ� �C1ðsnÞC02ðsnÞ

� f½C2ðsnÞ
2
� 4C1ðsnÞC3ðsnÞ�

1=2 �C2ðsnÞgC01ðsnÞ. ð51Þ
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From (51), we have

signF0ðsnÞ ¼ sign½C2ðsnÞ
2
� 4C1ðsnÞC3ðsnÞ�

�1=2½C02ðsnÞ
2
þC2ðsnÞC002ðsnÞ

� 4C01ðsnÞC03ðsnÞ�

�C002ðsnÞ � f½C2ðsnÞ
2
� 4C1ðsnÞC3ðsnÞ�

�3=2

� ½C2ðsnÞC02ðsnÞ � 2C3ðsnÞC01ðsnÞ � 2C1ðsnÞC03ðsnÞ�g, ð52Þ

where

C01ðsnÞ ¼ �yfy½1þ �ð1þ aÞ� þ ago0,

C02ðsnÞ ¼
ð1� aÞLða2AÞ1=ð1�aÞ

Zð1� snÞ
2

�
ar

1� sn

" #
þ

arsn

1� sn

� 2yr½1þ �ð1þ aÞ�,

C002ðsnÞ ¼
2ð1� aÞLða2AÞ1=ð1�aÞ

Zð1� snÞ
3

�
ar

ð1� snÞ
2

" #
þ

ar

ð1� snÞ
2
,

C03ðsnÞ ¼ �r2½1þ �ð1þ aÞ�o0.

Substituting CkðsnÞ, k ¼ 1; 2; 3, and their derivatives into (52), we have: if r is
sufficiently small, then F0ðsnÞo0, i.e., FðsnÞ is monotonically decreasing in sn. &
Appendix B. Derivation of Eq. (42)

We use (41) to write an implicit solution for leisure in (25) as a function of ðsf ; snÞ,
i.e., lðsf ; snÞ:

lALf�yð1� snÞ½1� a2ð1þ sf Þ�=a� �ð1� aÞð1þ sf Þ þ yð1� snÞ½1� að1þ sf Þ�=a

� snð1þ sf Þð1� aÞg þ
lAsnarZð1þ sf Þð1� snÞ

ð1� lÞG

¼ Z�rð1� snÞG�a=aþ �ALfyð1� snÞ½1� a2ð1þ sf Þ�=a� ð1� aÞð1þ sf Þg.

ð53Þ

From (53), we derive ql=qsf ¼ Osf

1 =O
sf

2 and ql=qsn ¼ Osn

1 =O
sn

2 , where

Osf

1 � alAL½ð�þ 1=aÞyð1� snÞ þ ð�þ snÞð1=a� 1Þ�

þ
lAaZrsnð1� snÞ½1� ð1� aÞað1þ sf Þ�

ð1� aÞað1þ sf Þð1� lÞG

�
Z�rð1� snÞ

ð1� aÞð1þ sf ÞGa � �AL½yð1� snÞ þ 1� a�,

Osf

2 � ALf�yð1� snÞð1� aÞ=aþ yð1� snÞ½1� að1þ sf Þ�=a

� ð�þ snÞð1� aÞð1þ sf Þg þ
ArZsnð1� snÞað1þ sf Þ

Gð1� lÞ2
,
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Osn

1 � lALf�yð1� snÞ½1� a2ð1þ sf Þ�=aþ y½1� að1þ sf Þ�=aþ ð1� aÞð1þ sf Þg

�
lAZrð1� 2snÞað1þ sf Þ

Gð1� lÞ
� �ZrG�a=a� �ALy½1� a2ð1þ sf Þ�=a,

Osn

2 � ALf�y½1� a2ð1þ sf Þ�=aþ yð1� snÞ½1� að1þ sf Þ�=a

� ð�þ snÞð1� aÞð1þ sf Þg þ
ArZsnð1� snÞað1þ sf Þ

Gð1� lÞ2
.

Based on the solution for U0 in (26) and the expression for t in (41), the utility-
maximizing problem of the government by choice of ðt; sf ; snÞ subject to its constraint
in (41) is equivalent to choosing ðsf ; snÞ to maximize (42).
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